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Abstract A Rytov series approximation for rough surface scattering is presented
for an analytical description of the close relation of topographic statistics and topo-
graphic scattering. The Rytov series approximation is not subject to the stringent
restrictions that apply to the Born series approximation. Numerical calculations
of the Rytov series approximation are conducted for several benchmark models.
Comparisons with the full-waveform numerical solution and the Born series approx-
imation are made for all examples to investigate the ranges of validity of the Rytov
series approximation. The first-order Rytov approximation ignores multiple scatter-
ings between any two surface points. In general, it has been considered valid for the
large-scale roughness components. The high-order Rytov approximation accounts for
multiple scattering between surface points and, therefore, becomes a realistic method
for multiscale surfaces. Tests with the Gaussian/semicircular convex topographies and
two randomly rough topographies show that the Rytov series approximation improves
the Born series approximation in both amplitude and phase. For the two sharp edges in
the semicircular convexity model, the fourth-order Rytov approximation is required to
account for strong wave fluctuations. For general rough surfaces without infinite gra-
dients and extremely large surface heights, the second-order Rytov approximation
might be sufficient to guarantee the accuracy of rough surface scattering.

Introduction

Topography has a significant influence on seismic data
recorded at the surface. A thorough understanding of topo-
graphic scattering effects would be of obvious value to data
interpretation of ground motion and regional phases. A great
deal of effort has been directed to studying topographic scat-
tering effects during the past several decades (e.g., Bouchon,
1973; Sánchez-Sesma and Campillo, 1993; Bouchon et al.,
1996; Cao et al., 2004; Zhou and Chen, 2006a, 2008; Mogi
and Kawakami, 2007). Bouchon (1973) estimated the effects
of irregular surfaces using the time-domain extension of the
Aki–Larner method (Aki and Larner, 1970). Sánchez-Sesma
and Campillo (1993) evaluated topographic amplification for
relatively simply topography. Bouchon et al. (1996) gave a
comprehensive review of studies of the topographic scatter-
ing effects on seismic waves. They conclude that the topo-
graphic scattering is an important source of seismic coda and
amplification of ground motion. Cao et al. (2004) investi-
gated the scattering from various topographies for an inci-
dent SH wave and evaluated the accuracy, stability, and
computational efficiency of three methods: the Aki–Larner
method (Aki and Larner, 1970), the Bouchon–Campillo
method (Bouchon, 1985; Campillo and Bouchon, 1985), and
a global generalized reflection/transmission matrices method
(Chen, 1990, 1995, 1996). Zhou and Chen (2006a) studied
the relationship between the scales of topography and the
frequency of the incident wave by using an efficient local

discrete wavenumber method (Zhou and Chen, 2006b). They
then extended this method to investigate the influences of the
topography on the propagation of Rayleigh waves (Zhou and
Chen, 2008). Mogi and Kawakami (2007) investigated the
excitation process of complicated seismic responses induced
by irregular ground surfaces, using detailed analyses to
demonstrate that the complicated waveforms of seismic
responses are caused by the arrivals of scattered waves.

Various approximations, such as perturbation theory, the
Kirchhoff approximation, and the Born series method, have
been widely used to model rough surface scattering (e.g.,
Gilbert and Knopoff, 1960; Kennett, 1972; Hudson et al.,
1973; Snieder, 1986). These approximation methods are
comparatively simple to implement with limited validity.
Most of the approximation solutions assume that the surface
height should be small compared with the wavelength of an
incident wave. Additional important restriction required for
the validity of some approximation methods is the small
surface slope. Fu (2005) summarized several approximation
methods that can be used analytically to study rough surface
scattering with different limited regions of validity. Numer-
ical experiments show that the Rytov approximation gives a
more accurate evaluation of rough surface scattering than
does the Kirchhoff solution for most of cases (Fu, 2005;
Hu et al., 2009). The results also indicate that the Rytov
approximation is not subject to the stringent restrictions that

42

Bulletin of the Seismological Society of America, Vol. 102, No. 1, pp. 42–52, February 2012, doi: 10.1785/0120110083



apply to the Kirchhoff approximation. On the basis of these
facts, it is of interest to develop the Rytov series approxima-
tion for rough surface scattering.

The Rytov approximation has been widely used in
wave propagation, scattering, and diffraction tomography
(Chernov, 1960; Ishimaru, 1978; Devaney, 1981, 1982,
1984; Slaney et al., 1984; Wu and Toksöz, 1987; Lo et al.,
1988; Huang et al., 1999; Tsihrintzis and Devaney, 2000). Its
domain of validity, as well as its advantages and disadvan-
tages, have been extensively explored and compared with
those of the Born approximation. For instance, Mueller et al.
(1979) and Kaveh et al. (1979, 1982) compared the Born and
Rytov approximations in diffraction tomography based on
numerical and laboratory experiments, which demonstrated
that the Rytov approximation has a wider range of validity in
both of the imaging frequency range and the imaged object
size. Oristaglio (1985) compared the accuracy of the Born
and Rytov approximations for the interface problem and con-
cluded that the Rytov approximation to the transmitted field
is more accurate than the Born approximation. Rajan and
Frisk (1989) compared the Born and Rytov approximations
in solving inverse backscattering problems, and pointed out
that the Rytov method is less sensitive to the reference sound
speed in the inversion. Rather than applying it to volume het-
erogeneities, as was done in the previous studies, the Rytov
approximation is applied to rough topographies in this study.

A Rytov series approximation is presented in this article
for analytically describing rough surface scattering. This
method ignores the effects of small phase angle variation,
leading to relatively simple analytical expressions for scat-
tered field amplitudes. With this article, we will establish
the validity of the method at seismic frequencies through
comparisons with the full-waveform numerical solution ob-
tained by solving a boundary integral equation using the
boundary-element method (BEM; Fu andWu, 2001). We par-
ticularly focus on designing benchmark problems to evaluate
the range of validity of the Rytov series approximation. Two
types of benchmark tests, a deterministic test and a statistical
test, will be used for rough surface scattering in this study.
The former give a topographic irregularity in terms of the
surface height and the surface slope. It is fundamental to both
the numerical and approximation approaches that the regions
of validity be quantified in terms of the surface height and the
surface slope relative to incident wavelength. The key for the
deterministic test is to design a suitable benchmark geome-
trical model. The statistical test is based on kσ, kl, and kd for
randomly rough surfaces, where k is the wavenumber, σ is
the surface root-mean-square (rms) height, l is the surface
correlation length, and d is the propagation distance.

First, two topographies with Gaussian and semicircular
convexities of curvature radius a are used as benchmark
models for the deterministic test. The accuracy of the Rytov
series approximation for scattering is examined through
comparison with the full-waveform BEM solutions for differ-
ent ratios of curvature radius to incident wavelength (i.e.,
dimensionless frequency) at different incident angles.

Second, randomly rough surfaces with different degrees of
Gaussian-type roughness are used as benchmark models
for statistical tests. We design the large-scale and small-scale
randomly topographies to evaluate the Rytov series approx-
imation. Comparisons with the Born series approximation
are made for both the deterministic test and statistical tests
to demonstrate superior performance of the Rytov series
approximation.

Method

Boundary Integral Equation

The scattering problem to be addressed is illustrated in
Figure 1. Consider 2D steady-state SH-wave incidence on a
rough free surface S in a half-space. Displacements of SH
waves satisfy the Helmholtz equation:

∇2u�r� � k20u�r� � 0; (1)

where u�r� is the displacement at location r on S, k0 � ω=v0
is the wavenumber with frequency ω and wave velocity v0,
and ∇2 is the Laplacian operator.

Based on the representation theorem (Aki and Richards,
1980), the antiplane displacement u�r� at location r, resulting
from an incident field uI�r� to the rough surface with the
traction-free condition, satisfied the boundary integral
equation

uI�r� �
Z
S
u�r0� ∂G�r; r

0�
∂n dr0 � C�r�u�r�: (2)

The incident harmonic plane wave is assumed as
uI�r� � exp�ik0 · r�, with k0 � �k0 sin θ0;�k0 cos θ0� and
θ0 being the incident angle measured from the vertical. In
the presence of a point source located at r0�x0; z0�, it can
be expressed by uI�r� � s�ω�G�r; r0�, where s�ω� is the
source spectrum. The Green’s function, G�r; r0�, is given
by G�r; r0� � eik0jr�r

0 j=�4πjr � r0j� for 3D problems (Aki
and Richards, 1980) and by G�r; r0� � iH�1�

0 �k0jr � r0j�=4
for 2D problems (Aki and Richards, 1980), where
i �

�������
�1

p
and H�1�

0 denotes the Hankel function. The coeffi-
cient C�r� is equal either to 0.5 for r∈S or to 1.0 for the
location r below the surface, and ∂=∂n denotes differentia-
tion with respect to the outward normal of the surface.
Equation (2) is a Fredholm integral equation of the second
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Figure 1. Configuration of the problem considered.
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kind. The existence of its solution is guaranteed by the
classical Fredholm theory.

Numerical Discretization of Boundary
Integral Equations

The collocation method has been widely used for nu-
merical solutions of all types of integral equations. We dis-
cretize the free surface S into L boundary elements denoted
by Se (e � 1; 2;…; L). The total node number is N. In the
collocation method, interpolation shape functions Φ are used
so that the variables r and u are approximated by the linear
combination of their nodal values over an element Se defined
geometrically between the node I1 and I2; for instance,

u�ξ� �
XI2
l�I1

u�rl�Φl�ξ�; (3)

where ξ denotes the local coordinate of an element.
Equation (2) can be written in operator form

f�rj� �Hu�rj� � 0; j � 1; 2;…; N; (4)

where f is the incident field and H is the boundary integral
operator. The integrals of H can be computed over each
element as

hjk �
XL
e�1

XI2
l�I1

�Z
Se

∂
∂nG�rj; r

0�ξ��Φl�ξ�dr0�ξ�
�
δlk

� C�rj�δjk; (5)

where δlk and δjk are the Kronecker delta functions, and the
Gaussian integration algorithm is used to numerically eval-
uate these integrals. In this study, the full-waveform BEM
solution is used as an exact solution for comparisons with
Rytov series approximation method. The computation pro-
gram of the BEM has been tested by dimensionless frequency
responses of a semicircular convex topography (Fu, 2005)
through comparison with the solutions by Sánchez-Sesma
and Campillo (1991).

Rytov Series Approximation

Based on the superior performance of the Rytov approx-
imation to rough surface scattering, we formulate the Rytov
series approximation in this section. The Kirchhoff solution
to large-scale topographic roughness is restricted by small
fluctuations in amplitude and phase in the resulting wave
field; that is, the phase fluctuation Δϕ and the amplitude
fluctuation ΔA, caused by topographic roughness, satisfy
Δϕ ≪ 1 and ΔA=A0 ≪ 1, where A0 is the amplitude of
the incident field. The Rytov approximation is not subject
to the stringent restrictions.

Letting u�r�=uI�r� � eΔϕ�r�, then equation (2) becomes

C�r�uI�r�eΔϕ�r� � uI�r� �
Z
S
uI�r0�eΔϕ�r0� ∂G�r; r0�

∂n dr0:

(6)

The Rytov approximation requires a small ∇�Δϕ�r��.
Therefore, it is a kind of small angle approximation.
Generally speaking, for large-scale topographic roughness,
the Rytov approximation gives a more accurate evaluation of
rough surface scattering than does the Kirchhoff solution but
at the cost of an extra treatment of transformation from the
wave fields ϕ�r� to u�r�, which may cause inconvenience for
analytical studies of random surface scattering.

To extend the Rytov approximation, the quantity eΔϕ�r�

in equation (6) is expanded as a Taylor series; that is,

eΔϕ�r� � 1�Δϕ�r� � �Δϕ�r��2
2

� �Δϕ�r��3
6

� � � � � �Δϕ�r��n
n!

: (7)

For the first-order approximation, equation (6) can be
written as

C�r�uI�r��1�Δϕ�r�� � uI�r� �
Z
S
uI�r0��1

�Δϕ�r0�� ∂G�r; r
0�

∂n dr0: (8)

Assuming ψ�r� � uI�r�Δϕ�r�, and
R
S u

I�r0�Δϕ�r0�
∂G�r;r0�

∂n dr0 � 0 in that Δϕ ≪ 1, then we obtain

C�r�ψ1�r� � �1 � C�r��uI�r� �
Z
S
uI�r0� ∂G�r; r0�

∂n dr0: (9)

For the i-th-order approximation (i � 2; 3;…; n), equa-
tion (6) can be written as

C�r�uI�r�
�
1�Δϕ�r� � � � � � �Δϕ�r��i

i!

�

� uI�r� �
Z
S
uI�r0�

�
1�Δϕ�r0� � � � � � �Δϕ�r0��i

i!

�

×
∂G�r; r0�

∂n dr0: (10)

Similarly, considering
R
S u

I�r0� �Δϕ�r0��i
i!

∂G�r;r0�
∂n dr0 � 0,

we obtain

C�r�ψi�r�

�
�
�1 � C�r��uI�r� �

Z
S
ui�1�r0�

∂G�r; r0�
∂n dr0

��
Li�1�r�;

(11)

where
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ui�1�r0� � uI�r0�
�
1�

Xi�1
j�1

�Δϕi�1�r0��j
j!

�

and Li�1�r� � 1�
Xi�1
j�1

�Δϕi�1�r��j
�j� 1�! :

Then the solution to equation (6) by the Rytov series can be
written as

C�r�ψ1�r� � �1 � C�r��uI�r� � R
S u

I�r0� ∂G�r;r0�∂n dr0

C�r�ψ2�r� �
�
�1 � C�r��uI�r� � R

S u1�r0� ∂G�r;r0�
∂n dr0

��
L1�r�

..

.

C�r�ψn�r� �
�
�1 � C�r��uI�r� � R

S un�1�r0� ∂G�r;r
0�

∂n dr0
��

Ln�1�r�:

(12)

Because u�r� and ∂G�r; r0�=∂n are continuous, conver-
gence of equation (12) is guaranteed when

max
Z
S

����∂G�r; r
0�

∂n
�
1�

Xi�1
j�1

�Δϕi�1�r0��j
j!

�����dr0 < 1;

which strongly depends on the surface height, the surface
slope, and the wavelength of the incident wave. Alterna-
tively, we define

Ki�1u �
Z
�∂G�r; r0�=∂n�f1�Xi�1

j�1

�Δϕi�1�r0��j
j!

guI�r0�dr0

to cast equation (12) in the concise form

Cψ1 � �1 � C �K0�uI

Cψ2 � �1 � C �K1�uI=L1

..

.

Cψn � �1 � C �Kn�1�uI=Ln�1; (13)

and the convergence condition becomes q�K� < 1 (the spec-
tral radius of K less than one).

The first-order Rytov approximation accounts for the
single scattering between the observation point r and the sur-
face point r0, whereas the second-order Rytov approximation
accounts for one more term: single scattering between two

surface points (r0 and r″). Therefore, the high-order Rytov
approximation considers multiple scattering between surface
points.

Numerical Examples

Gaussian and semicircular convex topographies are ty-
pical structural units on the Earth’s surface. These surface

structures trap strong multiple scatterings within the hill
for a limited time, making the models a typical benchmark
problem for the Rytov series approximation to multiple
scattering from rough surfaces. The statistical test using
randomly rough surfaces with large-scale and small-scale
roughness is important for applications of the Rytov series
approximation to simulate regional phases. We calculate
dimensionless frequency responses to these benchmark topo-
graphies for different angles of SH-wave incidence with
comparison to the full-waveform BEM numerical simulation.
It is of interest to compare the present method with the Born
series approximation, which, as an iterative numerical tech-
nique, has been used for rough surface scattering and has
previously undergone investigation of its validity (Fu, 2005).
To make the comparison clearer, the rms error E defined as

E �
�������������������������������P

N
i�1�x0i � xi�2

N

r

is calculated for all the examples, where x0 represents the ap-
proximate solution, x represents the full-waveform BEM so-
lution, and N is the total node number.

Deterministic Tests with Gaussian and Semicircular
Convex Topographies

A semicircular convexity of radius a (Fig. 2a) is selected
for validation tests because of its full scales in both the
surface height h�x� (from 0.0 to a) and the slope∇h�x� (from

Figure 2. (a) Semicircular and (b) Gaussian convex topographies and their surface slopes.
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0.0 to π=2 given by the local surface tangent at x) that make
the model an ideal benchmark problem. The two sharp edges
at x � 	a in the semicircular convexity model provide a
crucial target to validate various numerical methods. The
model introduces two extreme cases: smooth slope but large
height at x � 0 and small height but sharp slope at x � 	a,
both possibly beyond the regions of validity of the low-order
approximation. Being complementary to this benchmark
model, a Gaussian convexity (Fig. 2b) is generated by
h�x� � �1=

���������
2πa

p
� exp��x2=2a2�. The Gaussian convexity

introduces three cases for validation tests: smooth slope
and small height in the initial section of the curve, sharp
slope with moderate height in the middle section, and smooth
slope but large height at the top section. For most cases, the
semicircular and Gaussian convexities are combined to build
a complete benchmark problem for deterministic tests of var-
ious numerical and analytical approaches to rough surface
scattering. The dimensionless frequency for the deterministic
tests can be defined as η � 2a=λ, where λ is the wavelength
of incident waves. Harmonic plane waves with different
wavelengths are incident on the topographies at different
angles, and frequency responses on the topographic surface
are calculated for different dimensionless frequencies.

Figures 3 and 4 show the amplitudes and the phases of
the Rytov and Born series approximations to the Gaussian
convex topography under vertical incident SH wave for dif-
ferent ratios of curvature radius to incident wavelength.
Compared with the full-waveform BEM simulation, we see
that the amplitude accuracy of both the Rytov and Born
series approximations increases as the ratios increase in that
the radius of curvature becomes greater than incident wave-
length. The decreasing accuracy mainly flattens amplitude

fluctuations rather than deteriorates amplitude relative
variations. We see that the first-order Rytov approximation
improves the first-order Born solution for all the ratios, both
in amplitude and phase. For the second order, both the Rytov
and Born approximations perform well for the Gaussian
convex topography, giving an excellent agreement with
the BEM solution for all the ratios.

Incidence can be far from the vertical for regional
phases. Figures 5 and 6 show the comparison of the Rytov
and the Born series approximations in both amplitude and
phase to the Gaussian convexity under 60° incident SH wave
for different ratios of curvature radius to incident wave-
length. In Figure 5, we see that the amplitude accuracy of
both the Rytov and Born series approximations decreases
as the ratios increase, which is different from the case of ver-
tical incidence. It is evident that the Rytov series approxima-
tion is better than the Born series approximation for all the
ratios, especially in amplitude. Figure 7 shows the results
under different angles of SH-wave incidence with a higher
dimensionless frequency. It seems that the errors of the Born
series approximation become larger with increasing incident
angle, whereas the Rytov series approximation still per-
forms well.

The Gaussian convexity is a smooth topography without
sharp slopes. It is relatively simple so that the second-order
Rytov and Born approximations can obtain an excellent
agreement with the full-waveform BEM solution. Figures 8
and 9 compare the relative performances of the Rytov and
the Born series approximation solutions to the semicircular
convex topography for η � 3:0 under vertical and 30° inci-
dent SH waves, respectively. We see that strong amplitude
fluctuations caused by the two sharp edges at x � 	a in

Figure 3. Comparisons of the amplitudes of the first-order and second-order Rytov and Born approximations (dotted line) to the
Gaussian convex topography for various dimensionless frequencies under vertical incident SH wave. The solid lines denote the BEM results.
Each rms error E is calculated and shown in the figure.
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the semicircular convexity destroy the performance of the
low-order Rytov and the Born approximations. The low-
order Rytov approximation significantly improves the low-
order Born solution for the case of strong wave fluctuations,
but some departures are present around the two sharp edges
at x � 	a, which cause strong scattering and violate the phy-
sical assumption borne in the low-order Rytovapproximation.

The second-order Rytov solution performs well for
jxj < a, but many departures occur around jxj > a. The

third-order Rytov solution gives an excellent agreement with
the BEM solution for both the areas of jxj < a and jxj > a,
whereas the third-order Born approximation presents many
errors, particularly for jxj > a. Both of the fourth-order
Rytov and Born approximations give an excellent result for
the semicircular convex topography that contains infinite
gradients at x � 	a. For the other-than-vertical incidence
shown in Figure 9, we see that the Rytov approximation per-
forms better mainly for x < a than does the Born solution for

Figure 5. Comparisons of the amplitudes of the first-order and second-order Rytov and Born approximations (dotted line) to the
Gaussian convex topography for various dimensionless frequencies under 60° incident SH wave. The solid lines denote the BEM results.
Each rms error E is calculated and shown in the figure.

Figure 4. Comparisons of the phases of the first-order and second-order Rytov and Born approximations (dashed line) to the Gaussian
convex topography for various dimensionless frequencies under vertical incident SH wave. The solid lines denote the BEM results. Each rms
error E is calculated and shown in the figure.
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the second-order. The fourth-order Rytov and Born approx-
imations have a good agreement with the full-waveform BEM
solution.

Statistical Tests with Gaussian Random Topographies

The randomly rough surface can be characterized by
different statistical parameters. Assuming the surface height
distribution function is h�r�, where h is the height of the sur-
face from the reference surface and r is the position of points

on the reference surface. The rms height of the surface h�r�
is then defined as the standard deviation σ �

���������
hh2i

p
,

where h…i denotes the process of spatial averaging across
the surface. In this study, the surface is assumed to be
spatially stationary and ergodic, with its h�r� being zero
mean. The roughness of the random surface height h�r�
is defined by its second moment; that is, the surface correla-
tion function, defined as C�r� � hh�r0�h�r0 � r�i=σ2, where
σ2 is simply the variance at a lag of r � 0 and used to nor-
malize autocovariance hh�r0�h�r0 � r�i. The normalized

Figure 6. Comparisons of the phases of first-order and second-order Rytov and Born approximations (dashed line) to the Gaussian
convex topography for various dimensionless frequencies under 60° incident SH wave. The solid lines denote the BEM results. Each
rms error E is calculated and shown in the figure.

Figure 7. Comparisons of the first-order and second-order Rytov and Born approximations (dotted line) to the Gaussian convex topo-
graphy with η � 4:0 under different angles of SH-wave incidence. The solid lines denote the BEM results. Each rms error E is calculated and
shown in the figure.

48 G.-X. Yu and L.-Y. Fu



autocorrelation function C�r� has the property that C�r� � 1

at r � 0. It decays to zero as r increases to infinite. The
decaying shape depends on the type of the surface; for
instance, C�r� � exp��jrj2=l2� for Gaussian roughness sur-
faces, with the decay rate depending on the surface correla-
tion length l, a distance beyond which the surface profile
becomes uncorrelated. Here, randomly rough surfaces with
different degrees of Gaussian-type roughness are used as
benchmark models for statistical tests.

The small- and large-scale topographies shown in
Figure 10 are used to evaluate the Rytov series approxima-
tion. Figures 11 and 12 show different-order Rytov and Born
series approximations to the small-scale topography for the
cases of kl � 3:14 and kl � 9:42 under 60° incidence,
demonstrating the performance of different-order approxi-
mations. It seems that the accuracies of both the Rytov and
Born series approximations decrease as the kl increases. For
these examples, the Rytov series approximation gives a more
accurate evaluation than does the Born series approximation.

Figure 13 shows the Rytov and Born series approximations
to the large-scale topography for different values of kl, com-
pared with the full-waveform BEM numerical simulations. It
can be seen that the second-order Rytov approximation gives
a good agreement with the full-waveform BEM solution,
improving the Born approximation mainly for the large wave
fluctuations. For such rough surfaces without infinite

Figure 8. Comparison of Rytov and Born series approximations (dotted line) to the semicircular convex topography with η � 3:0 under
vertical incident SH wave. The solid lines denote the BEM results. Each rms error E is calculated and shown in the figure.

Figure 9. Comparison of Rytov and Born series approximations (dotted line) to the semicircular convex topography with η � 3:0 under
30° incident SH wave. The solid lines denote the BEM results. Each rms error E is calculated and shown in the figure.

Figure 10. Two Gaussian random topographies, 100 km long at
0.25-km interval, of the same ratio (σ=l � 0:3) but with different
correlation lengths, the small scale (dashed line with
l � 2:2 km) and the large scale (solid line with l � 22 km).
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gradients and large surface heights, the second-order Rytov
approximation might be sufficient to guarantee the accuracy
of rough surface scattering.

Discussions and Conclusions

In this article, a Rytov series approximation for rough
surface scattering is presented for an analytical description

of the close relation of topographic statistics and topographic
scattering. Two types of benchmark tests, a deterministic test
and a statistical test, are used to evaluate the present method.
Two topographies with Gaussian and semicircular convex-
ities of curvature radius a are used as benchmark models
for the deterministic test. Also, randomly rough surfaces with
different degrees of Gaussian-type roughness are used as
benchmark models for statistical tests. Comparisons with

Figure 11. Comparison of Rytov and Born series approximations (dotted line) to the small-scale Gaussian roughness topography for
kl � 3:14 under 60° incident SH wave. The solid lines denote the BEM results. Each rms error E is calculated and shown in the figure.

Figure 12. Comparison of Rytov and Born series approximations (dotted line) to the small-scale Gaussian roughness topography for
kl � 9:42 under 60° incident SH wave. The solid lines denote the BEM results. Each rms error E is calculated and shown in the figure.

Figure 13. Comparison of Rytov and Born series approximations (dotted line) to the large-scale Gaussian roughness topography for
kl � 6:28 and kl � 12:56 under 60° incident SH wave. The solid lines denote the BEM results. Each rms error E is calculated and shown in
the figure.
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the full-waveform numerical solution and the Born series
approximation are made for all examples to investigate
the ranges of validity of the Rytov series approximation.

Numerical examples demonstrate that the Rytov series
approximation gives superior performance by comparison
with the Born series approximation for most cases. Tests with
the Gaussian/semicircular convex topographies and two ran-
domly rough topographies show that the Rytov series ap-
proximation improves the Born series approximation in
both amplitude and phase. For the two sharp edges in the
semicircular convexity model, the fourth-order Rytov ap-
proximation is required to account for strong wave fluctua-
tions. For general rough surfaces without infinite gradients
and extremely large surface heights, the second-order Rytov
approximation might be sufficient to guarantee the accuracy
of rough surface scattering.
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