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A comparative study on the fast marching and fast sweeping
methods in the calculation of first-arrival traveltime field

LAN Hai-qiang"?, ZHANG Zhi*, XU Tao', BAI Zhi-ming', LIANG Kai'
(1. State Key Laboratory of Lithospheric Evolution ., Institute of Geology and Geophysics, Chinese Academy of Sciences .
Beijing 100029, China; 2. Graduate School of Chinese Academy of Sciences, Beijing 100049, China;
3. Key Laboratory of Geological Engineering Centre of Guangxi Province, College of

Earth Sciences , Guilin University of Technology, Guilin 541004, China)

Abstract Traveltime calculation plays an important role in many areas of seismology such as pre-stack migration,
traveltime inversion, earthquake location and seismic tomography. The fast marching method has been widely used
in traveltime calculation as it is accurate, flexible, and unconditionally stable. As an efficient tool in computing the
numerical solution of a first order non-linear hyperbolic partial differential, the fast sweeping method has already had
effective applications in optimal control, computer vision, geometric optics, path planning and seismology, etc. In
this paper, we give a brief summarization on the fundamental theories of the two methods and make a comparative
study (of the two methods) on the calculation of first-arrival traveltime field. Numerical examples show both the
fast marching method and fast sweeping methods are applicable to media with strong velocity contrast; the accuracy

of the two methods is considerable, but the CPU time consumed by the fast sweeping method is more less than that
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of the fast marching method, which may reveal that the efficiency has been improved significantly.

Keywords first-arrival traveltime, finite difference, eikonal equation, fast marching method, fast sweeping method
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Fig. 1 Updating procedure for the fast-marching method"*. Grid points are classified as ‘alive’, ‘trial’ and *far’.
¢ Alive’ points (in black) are those where the values of T are known. ‘Trial’ points (in grey) are those around the curve (of
‘alive’ points), at which the propagation is to be computed. The set of trial points is called the narrow band. To compute
the propagation, points in the narrow band are updated to ‘alive’, while the narrow band advances. ‘Far’ points (in white)
are those at which the propagation has not yet been computed. During the propagation, the far points are converted into trial
points. Figures (a-) provide an explanation of this sequence: in (a), the black point (alive) represents the initial point; in
(b) the value of T is computed in the neighborhood of the black point; the points in this neighborhood are converted from far
(white) to trial (gray) points; in (¢) the trial point with the smallest value of T is chosen (for example ‘A”); in (d) values
of T are computed in the neighborhood of point A, converting them from far to trial. In (e) the trial point is chosen that has
the smallest value of T (for example, ‘D’); in (f) points in the neighborhood of D are converted from far to trial, and the

procedure continues in this manner.
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Fig. 2 The fast sweeping algorithm in the one
dimensional eikonal equation with the slowness is of one.
(a) the computed traveltime after the first left to right
Gauss-Seidel sweeping (the black points denote those
traveltimes that have been calculated correctly in the first
sweep have achieved their minimal possible values and
will not be changed in the second sweep; while the gray
points indicate the traveltimes that have not been
calculated correctly in the first sweep will be updated in
the second sweep). (b) the computed traveltime after

the second right to left Gauss-Seidel sweeping.
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Fig. 3 (a) The fast sweeping algorithm for the eikonal
equation in two dimensions. The two dotted lines denote
x and y axis, respectively; the source is located at the
origin, the numbers in each quadrant mean the
appropriate sweep order for this quadrant. (b) The
traveltime calculation with the fast sweeping method in
the first quadrant. Traveltimes at grid points on the
dashed line two are determined by values at grid points
on dashed line one, etc. Moreover the four quadrants are
separated by two grid lines, i. e. , the x and y axes. The
travelitmes of grid points on these two lines do not
depend on any values of grid points off these two lines.
So the propagation of traveltimes in one quadrant during
the corresponding sweep cannot cross these two lines

into other quadrants.
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Table 1 Efficiency (CPU time) comparisons for fast

sweeping method (FSM) and fast marching method (FMM)
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Fig. 4 Comparisons of the travel times computed by the
fast marching method with the analytical solutions and
the corresponding error(absolute error)map for different
grid spacings. (a) and (b) are the traveltime contours
and the corresponding error map respectively, for the
grid spacing of 5 m; while (¢) and (d) are the traveltime
contours and the corresponding error map respectively,
for the grid spacing of 10 m. Black solid and red dotted
lines are the analytical and numerical solutions,
respectively. The units in the traveltime contours and

error map both are second (s).
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Fig. 5 Comparisons of the travel times computed by the
fast sweeping method with the analytical solutions and
the corresponding error(absolute error)map for different
grid spacings. (a) and (b) are the traveltime contours
and the corresponding error map respectively, for the
grid spacing of 5 m; while (¢) and (d) are the traveltime
contours and the corresponding error map respectively,
for the grid spacing of 10 m. Black solid and red dotted
lines are the analytical and numerical solutions,
respectively. The units in the traveltime contours and

error map both are second (s).
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Fig. 6 (a) Seismic low-velocity anomalous body model and traveltimes (contours) computed by the fast marching method
and fast sweeping method, respectively. Red and black lines are the traveltimes computed by the fast marching method and
fast sweeping method, respectively. Figure (b) is the enlarged result of a local area (indicating by the blue box in Fig. (a))
of Fig. (a). (c¢) Differences of the traveltimes computed by the two methods, respectively. The units in the traveltime

contours and error map both are second (s).
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Fig. 7 (a) Marmousi model and traveltimes (contours) computed by the fast marching method and fast sweeping method,

respectively. Red and black lines are the traveltimes computed by the fast marching method and fast sweeping method,
respectively; colourbar shows the velocity. (b) is the enlarged result of a local area (indicating by the blue box in Fig. (a))
of Fig. (a). (c¢) Differences of the traveltimes computed by the two methods, respectively. The units in the traveltime

contours and error map both are second (s).
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